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INTRODUCTION 
In 1964 Golod and Shafarevich [S] showed the existence of infinite 
p-class towers of number fields, i.e., that there are number fields K and 
primes p such that the maximal everywhere unramified pro-p extension L 
of K is of infinite degree. Questions remain concerning the possible 
structure of Gal(L/K). 
Fontaine and Mazur have conjectured (among other things) that there 
does not exist an everywhere unramified p-adic representation of the 
absolute Galois group of a number field with infinite image. This is 
predicted by some of their investigations in arithmetic geometry. 
The point of this paper is to prove some special cases of their conjecture 
and to see what predictions it leads to in algebraic number theory. Since 
GL, of a p-adic ring has a pro-p subgroup of finite index and since p-adic 
analytic pro-p groups contain a subgroup of finite index which is 
p-saturated with integer values [ 11, p. 4761, their conjecture is equivalent 
to the following. 
Conjecture (Fontaine, Mazur). There do not exist a number field K 
and an infinite everywhere unramified Galois pro-p extension L such that 
Gal(L/K) is p-saturated with integer values. 
The main theorem of the paper is the following special case of the above 
conjecture. 
THEOREM 1. Let K be a normal extension of prime degree 1 (#p) of a 
number field F such that p t h(F), the class number of F. Then there is no 
infinite everywhere unramifi‘ed Galois pro-p extension L of K such that L is 
Galois over F and Gal(L/K) is p-saturated with integer values. 
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We also discuss the possibility of removing the undesirable hypotheses in 
Theorem 1. We use the theory developed and the conjecture above to 
investigate the structure of the p-class tower of number fields. 
Notation 
(4 Y) 
XY 
G ab 
Z(G) 
G’ 
C,(a) 
CP 
@(G) 
ev(G) 
.x-ly-‘xy 
Y-‘xY 
maximal abelian quotient of G 
center of G 
commutator subgroup of G 
{x~N:o(x)=x} 
cyclic group of order p 
Frattini subgroup of G 
exponent of G 
1. PROOF OF THE MAIN THEOREM 
A fixed-point-free automorphism c of a group G is an automorphism of 
G such that if O(X) =x, then x = 1. A fixed point x of an automorphism rr 
of a group G is an x E G such that x # 1 and a(x) = x. 
LEMMA 1 [S]. There exists a function f: {primes) + Z+ such that if M 
is any nilpotent group with a fixed-point-free automorphism of order 1, then 
nilpotency class M < f (1). 
For the sake of completeness I now define the notion of a p-saturated 
group with integer values. The properties of such a group that we shall 
actually need are listed in Lemma 2 below. 
DEFINITION [ 11, pp. 4654661. A p-oalued group is a group G together 
with a map o: G + R*, u { + cc } satisfying the following axioms. 
(i) w(xy-‘) 2 min(o(x), w(y)) for all x, y E G. 
(ii) o((x, y)) b w(x) + o(y) for all x, YE G. 
(iii) w(x) < cc for x E G, x # 1. 
(iv) w(x)>(p-1)-l for all XEG. 
(v) w(xp)=o(x)+l for all XEG. 
The group G is called p-saturated if it is complete and if it has the following 
property: 
(vi) If x E G and o(x) >p(p - 1)-l, then there exists YE G such that 
yp=x. 
It is said to have integer values if o(x) E Z for all x E G, x # 1. 
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LEMMA 2. Let G be a finitely generated p-saturated pro-p group with 
integer values. Let G, = {x E G: o(x) > n}. 
(a) Zfp=2, then G=G,. Zfp>2, then G=G,. 
(b) G, is a characteristic subgroup of G of finite index for all n. 
(~1 t-l Gn= {lb 
(d) G&n+ I is a finite abelian group for all n. 
(e) The map x H xp is an isomorphism from G, _ 1/G, to G, JG, + , 
for all m>2 (p>2) and all m>3 (p=2). 
Prooj Part (a) follows immediately from (iv). Part (b) follows from 
[ll, pp. 447,476]. In particular the comments directly before Lemme 3.1.5 
in [ll] show that G, is characteristic. Part (c) follows from (iii). Part (d) 
follows from (ii). The map in (e) is a homomorphism by [ll, p. 4353. 
Properties (v) and (vi) show respectively that it is injective and surjective. 
Proof of Theorem 1. Suppose the theorem is false. Then by Schur- 
Zassenhaus (obviously extended to profinite groups) Gal(L/F) contains 
a subgroup of order I mapping onto Gal(K/F). This produces an 
automorphism o of order 1 of G = Gal(L/K). If cr acts trivially on G, then 
there is a fixed point in Gab, which we shall see in the last paragraph of this 
proof leads to a contradiction. 
Next, note that G cannot be nilpotent (of course it is pro-nilpotent). If 
it were, then since G is infinite, it would have a subgroup of linite index 
with infinite abelianization (I owe this remark to Lubotzky). This would 
contradict the finiteness of class numbers. 
By Lemma 2(c), there are therefore quotients G/G, of G with arbitrarily 
large nilpotency class. By Lemma 2(b), the automorphism c acts on each 
of these (finite) quotients and so by Lemma 1 there exists an n such that 
g has a fixed point on G/G,. Pick n to be the smallest such. The minimality 
of n implies that the fixed point lies in G, _ r/G,,. 
Since a(~“) = a(~)~, by Lemma 2(e), cr has a fixed point in GI/GI (p > 2) 
and GJG, (p=2). In either case, by Lemma 2(a) and 2(d), this is an 
abelian quotient of G. 
Maschke’s theorem now implies that K has a cyclic p-extension inside L 
fixed by o and so F does too, contradicting the hypothesis that p j h(F). 
2. FURTHER APPLICATIONS OF THJS METHOD 
Let K be an imaginary quadratic field, p be an odd prime, and L be the 
maximal everywhere unramified Galois pro-p extension of K. Gal(L/K) will 
be denoted P. Then the pro-p group P has the following properties: 
641/42/3-4 
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(1) Every subgroup of finite index has finite abelianization. 
(2) The group P has an automorphism (T of order 2 that acts as - 1 
on Pab. 
(3) The generator rank d(P) equals the relation rank r(P) [ 151. 
(4) If d(P) > 3, then P is infinite [lo]. 
We show that it also has the following property: 
(5) The exponent of Pub equals the exponent of P/(P, P’). 
LEMMA 3. Zf a pro-p group P (p odd) has property (2), then it also has 
property (5). 
Proof Let G = P/(P, P’). Let X= {x E G: cr(x) = x}. The automorphism 
(T acts as - 1 on Gab, implying that X< G’ ( < Z(G)), so X is a normal 
subgroup of G. e acts fixed-point-free on G/X, since if gE G satisfies 
a(g) = ag (a E X), then applying B produces g = aa and we get 
a=dg)g -‘=ga(g)-’ so a’= 1, a= 1, and geX. Hence G/X is abelian, 
and so X = G’. 
Let x E G. Set e(x) = kx- ’ (k E G’). Let q = exp(Gub). Then x” E G’ = X. 
Since ke Z(G), cr(xq) = kYx-q because exponents of factors of the 
descending central series are monotone decreasing [ 14, p. 1951. But x4 E X 
implies 0(x9) =x9, so x2q = 1 and x9 = 1. 
Remarks. Lemma 3 clearly applies to real quadratic fields too. In an 
opposite direction, note that if P is a finite noncyclic p-group satisfying (3) 
above and such that Pub is elementary p-abelian, then the exponents of its 
successive descending central quotients must eventually increase since by 
[9] such a group P is not generated by elements of order p. 
I now give the smallest known examples of finite p-groups (remember p 
odd) having properties (l)-(4) above. Among the 3-groups of order <36, 
11 satisfy condition (3) [16]. Only 4 of these satisfy (5) (the metacyclic 
ones are eliminated). Using the computer software package CAYLEY, it is 
easy to find an automorphism satisfying (2). So all 4 of these groups 
qualify. 
They are the following (listed together with an explicit automorphism of 
order 2 acting as - 1 on Pub). Let Mac(a, b) = (x, y: x(~,-“) = xa, 
y(y,x) = yb ) discovered by Macdonald [ 133. Then the groups of order 3’ 
are 
Mac( - 2,4), XH xyx-‘y-lx-‘, yl+ x-‘y2x 
(x,y:y(&Y)=y-2,x3=y3), xwx-1, yk-bxy-lx-’ 
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The groups of order 36 are 
Mac( - 8,4), x-x-1, yHX-‘pX 
Mac( - 8, - 2), x-x-l, y-+x-yx. 
All these groups have Pnb E C, x C3. The field Q (&%) has this as its 
3-class group [3]. Is the Galois group of its 3-class tower one of the above 
four groups? Is there some simpler characterisation of those finite p-groups 
that satisfy (2)-(4) above? Note, for instance, that the group Mac(4,4) of 
order 3’ satisfies (3) (4), (5) but not (2). The reason is that it has 
automorphism group of order 2.3* and so all automorphisms of order 2 are 
conjugate to a particular one, e.g., x H y - lx ~ lyx - lyx- ‘, y H xj~x’y - ‘, 
which does not act as - 1 on Mac(4, 4)ab. 
3. EXTENSIONS OF THEOREM 1 
Some remarks are useful here. 
(I) Lemma 1 does not extend to composite 1. See Thompson’s 
example given in [6]. 
(II) As regards removing “normal over I;” from the theorem, 
suppose that P is the Galois group of the maximal everywhere unramilied 
pro-p extension of K and that it has an infinite p-adic analytic pro-p 
quotient G. This possibility might be excluded by virtue of Peb having a 
fixed-point-free automorphism of order 1. For example, if such a P must 
satisfy r(P) < d(P), then we are done by [ 151. The following lemma, 
however, makes such a constraint on P unlikely (although in practice it 
seems hard actually to construct a counter-example). 
LEMMA 4. Let G = E/N, P = EJR, R < N, where E is free pro-p. Lifting 
the automorphism c~ of P to E (see, e.g., [2 J ), C,(o), and so fii o’(N), 
#{lb 
ProoJ Suppose C,(a) = ( 1 }. By [7], C,(c) is an infinitely generated 
free pro-p group. The quotient C,(a)/C,(a)r NC,(a)/N<G, but G has 
no nonabelian free pro-p subgroups [17]. 
(III) The following situation comes close to producing a counter- 
example to the Fontaine-Mazur conjecture. In so doing it suggests that the 
conjecture, if true, will have some interesting consequences in algebraic 
number theory. 
Let Q (fi), Q (&) be distinct imaginary quadratic fields such that an 
odd prime p exactly divides each of their class numbers and that of 
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Q (6) too. Let K be the biquadratic field Q (,/‘&, &). An example of 
such a field is K= Q (Jx, $%) with p = 3 (supplied by Buell). 
Let P be the Galois group of a maximal everywhere unramified pro-p 
extension of K. Then Pabs C, x C, x C, and Gal(K/Q) acts via the 
augmentation representation. We ask whether P can have an infinite p-adic 
analytic pro-p quotient. 
Our earlier method tells us little, since for example r= ker(SL,(Z,) 4 
SL,(Z/p)) has an automorphism group isomorphic to the Klein 4-group 
acting fixed-point-free on Tab by the augmentation representation, namely 
via conjugation by (A T,) and by (: h). We can however apply the 
following result. (Note: the Bockstein map is a transgression map in the 
long exact sequence associated to the short exact sequence of trivial 
G-modules 0 + Z Jp * Z/p’ + Z/p -+ 0.) 
LEMMA 5 [ 11. Suppose that G is an infinite, finitely generated pro-p 
group such that 
(1) the Bockstein map H’(G, Z/p) --t H2(G, Z/p) is an isomorphism, 
(2) the cup-product map H’(G, Z/p) A H’(G, Z/p) + H’(G, Z/p) is 
an isomorphism. 
Then GE ker(SL,(Z,) + SL,(Z/p)). 
The Fontaine-Mazur conjecture then predicts that P fails to satisfy at 
least one of the above criteria. Note that we have that d(P) ( = dim H’) = 3. 
Shafarevich’s bounds [ 151 then show that r(P) ( = dim H2) = 3 or 4. Note 
also that the Bockstein map for P is injective since an element of 
Hom(P, Z/p’) maps to zero in Hom(P, Z/p) by virtue of Pub being elemen- 
tary p-abelian. Let us consider the consequences of the cup-product map 
above failing to be injective. 
By [12], the kernel of the cup-product map is isomorphic to 
@(G)/((@(G), G) GP). This kernel is therefore nonzero if and only if 
G/@(G) has an exponent p central extension. Thus our assumption implies 
that P above has a quotient of order p4 of exponent p and with P’ a central 
subgroup of it of order p. It would be interesting to look for the corre- 
sponding field extension. (Note that by [4, p. 1461, there is only one such 
group of order 81, namely (x, y, z, w: x3 = y3 = z3 = w3 = 1, z”’ = zx, y”‘ = y, 
xw=x, yz=y, x2=x, x)‘=x).) 
I am therefore led to the following question: 
Question. Let K be a number field, p an odd prime, and L its p-class 
field. Suppose that p 1 h(L). Then is there always an everywhere unramified 
extension M of degree p of L such that M is Galois over K and 
exp(Gal( M/K)) = exp(Gal(L/K))? 
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Note that Lemma 3 of this paper proves this for the case K a quadratic 
field. 
Note also that the truth of the Fontaine-Mazur conjecture implies an 
affirmative answer to the question, when K has an infinite p-class tower. If 
G is the Galois group over K of the maximal everywhere unramified pro-p 
extension of K and exp Gab =p”, then the subgroup of G generated by p”th 
powers, GPn z G’. If the question were answered in the negative, then 
GP” $Z N for all subgroups N of G’ of index p, normal in G. So GP” = G’. 
In particular G’ E GP and so G is a powerful group in the sense of 
A. Lubotzky and A. Mann (Powerful p-groups. II. p-adic analytic groups, 
J. Algebra 105 (1987), 506515) and so by lot. cit., G is p-adic analytic, 
contradicting the Fontaine-Mazur conjecture. 
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